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Abstract
We continue our study of partitions of the full set of
( v
3
)
triples chosen from a v-set into copies of the Fano plane PG(2, 2) (Fano
partitions) or copies of the afﬁne plane AG(2, 3) (afﬁne partitions) or into copies of both of these planes (mixed partitions). The
smallest cases for which such partitions can occur are v = 8 where Fano partitions exist, v = 9 where afﬁne partitions exist, and
v = 10 where both afﬁne and mixed partitions exist. The Fano partitions for v = 8 and the afﬁne partitions for v = 9 and 10 have
been fully classiﬁed, into 11, two and 77 isomorphism classes, respectively. Here we classify (1) the sets of i pairwise disjoint afﬁne
planes for i = 1, . . . , 7, and (2) the mixed partitions for v = 10 into their 22 isomorphism classes. We consider the ways in which
these partitions relate to the large sets of AG(2, 3).
Crown Copyright © 2007 Published by Elsevier B.V. All rights reserved.
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1. Introduction
The problem of partitioning larger combinatorial structures into copies of smaller ones has a long history. For
example, the set of all
(
v
k
)
k-sets chosen from a given v-set can be partitioned into 1-designs if and only if k|v [1].
In particular if k = 2 and v = 2n, each 1-design of the partition forms a 1-factor of the complete graph Kv , and the
whole partition consisting of 2n − 1 1-factors forms a 1-factorization of this graph. If k = 2 and v = 2n − 1, a set of
n − 1 pairwise disjoint 2-sets forms a near-1-factor of Kv, and the partition consisting of 2n − 1 near-1-factors forms
a near-1-factorization of this graph. For a survey of these structures, see [18].
In 1972, Seberry (Wallis) with Hunt [8] and Cooper [6] used partitions of the multiplicative group of the ﬁnite ﬁeld
into cyclotomic classes to construct Hadamard designs.
Partitions of the full set of
(
v
3
)
triples into pairwise disjoint Steiner triple systems on v points (STS(v)) have been
shown to exist for all v ≡ 1 or 3 (modulo 6), v > 7; see [9–11,17]. Partitions of sets of quadruples [5,3,14] and of
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multiple copies of the full set of triples [15] have also been investigated. Teirlinck’s celebrated theorem on the existence
of simple t-designs depends on partitioning sets of blocks into designs [16].
More recently, we have studied partitions of the full set of triples chosen from a v-set into copies of the Fano plane
PG(2, 2), or copies of the afﬁne plane AG(2, 3), or copies of both (see [12,13]). We have already classiﬁed such
partitions for v = 8 (Fano partitions) and for v = 9 or 10 (afﬁne partitions). We now complete the classiﬁcation of the
small cases by dealing with the mixed partitions for v = 10.
Surprisingly, for v = 11 no such partition, Fano, afﬁne or mixed, can exist, and for v12, if such partitions exist,
they exist in such profusion that complete classiﬁcation seems infeasible. So the mixed partitions for v = 10 probably
complete the cases for which such classiﬁcation is useful.
In Section 2, we summarise the necessary conditions for the existence of these partitions; in Section 3, we give
constructions for each of the 22 isomorphism classes. Finally in Section 4 we suggest possible generalizations of this
problem.
2. Necessary conditions
In the general case, we have a designD, with parameters 2-(v, k, ), partitioned into copies of a design Ewith param-
eters 2-(w, k, ). A straightforward counting argument shows that the following divisibility conditions are necessary
|, (w − 1)
k − 1
∣∣∣∣
(v − 1)
k − 1 ,
w(w − 1)
k(k − 1)
∣∣∣∣
v(v − 1)
k(k − 1) . (1)
If such a decomposition is possible, then D is decomposed into n pairwise disjoint copies of E, where n =
v(v − 1)/(w(w − 1)).
If the point set of each copy of E is considered as a block, we obtain a design F with parameters 2-(v,w,  ) with n
blocks and replication number r = (v − 1)/((w − 1)).
We consider two special cases, where D is in each case the full design consisting of all
(
v
3
)
triples chosen from a
v-set, and hence with parameters 2-(v, 3, v − 2).
First we let E be the Fano plane with parameters 2-(7, 3, 1). From the conditions in (1) we obtain
6|(v − 1)(v − 2) and 42|v(v − 1)(v − 2)
or equivalently
v ≡ 1, 2, 7, 8, 14, 16 (mod 21). (2)
The corresponding design F has parameters 2-(v, 7, v − 2). Note that such a 2-design could be a 3-(v, 7, 5) design,
and that repeated blocks are possible in F . This raises the question of whether, if 5|(v − 2), we could end up with ﬁve
copies of a Steiner 3-design with parameters 3-(v, 7, 1). The answer is ‘no’ since the original decomposition would
require a large set of Fano planes to exist on each of the blocks of F, but no large set of Fano planes can exist. This also
shows that the conditions (2) are not always sufﬁcient (as for v = 7).
The other special case we consider has D as before, the simple design with parameters 2-(v, 3, v − 2) but now we
choose E to be the afﬁne plane AG(2, 3) with parameters 2-(9, 3, 1). From the conditions in (1) we obtain
8|(v − 1)(v − 2) and 72|v(v − 1)(v − 2)
or equivalently
v ≡ 1, 2, 9, 10, 18, 65 (mod 72). (3)
Here the corresponding design F has parameters 2-(v, 9, v − 2), which could be a 3-(v, 9, 7) design. If 7|(v − 2), it
could also consist of seven copies of a Steiner 3-design with parameters 3-(v, 9, 1) and in this case, we would need a
large set of afﬁne planes on each block of F .
No partition, Fano, afﬁne or mixed, of the full set of
(
v
3
)
triples can exist for v7, in view of Cayley’s re-
sult [4] that no large set of STS(7)s can exist. That is, the full set of
(
7
3
)
triples based on a 7-set cannot be
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Fig. 1. The isomorphism classes of pairwise disjoint sets of i afﬁne planes 2-(9,3,1), i = 1, . . . , 7, on the set X = {1, 2, . . . , 9}. In each circle the
number below the line is the order of the automorphism group of the corresponding isomorphism class. An edge joins a circle at level i to a circle at
level i + 1 if the corresponding isomorphism class of i afﬁne planes can be extended to that of i + 1 afﬁne planes.
partitioned into copies of STS(7). For v = 8, Fano partitions exist, that is, overlarge sets or partitions of the full set
of
(
8
3
)
triples into eight Fano planes. For v = 9 and 10 afﬁne partitions exist, that is, large sets and overlarge sets of
STS(9)s. Also for v = 10, mixed partitions exist. Surprisingly, no partition, Fano, afﬁne or mixed, exists for v = 11;
see [12].
But there are Fanopartitions for v=8, 14, 16, 22, 23, 28 andmore generally for v=7n+1, 13n+1, 27n+1, 36n+1; see
[15,12].Again, there are afﬁne partitions for v=9, 10, 18 [2,15,12] and more generally for v=8n+1, 9n, 9n+1, 17n+
1, 36n + 1 [12]. Finally, there are mixed partitions for v = 10, 12, . . . , 18 and more generally for v = 8n, 9n, 11n + 1;
13n + 1 − ,  = 0, 1, 2; 16n + 1 − ,  = 0, . . . , 5; 17n + 1 − ,  = 0, . . . , 6; see [12,13].
For the smaller values where partitions exist, that is, for v = 8, 9, 10, the Fano partitions for v = 8 and the afﬁne
partitions for v = 9, 10 have been fully classiﬁed. In this paper we complete the classiﬁcation of these small cases by
showing that there are precisely 22 isomorphism classes of mixed partitions for v = 10.
3. Constructions
First, we apply some results from [13, Section 2]. Suppose that the set D of all the triples from a v-set is partitioned
into F copies of the Fano plane, PG(2, 2), and A copies of AG(2, 3) respectively. The point i is said to be of type
(Fi, Ai) if it is incident with Fi copies of PG(2, 2) and Ai copies of AG(2, 3). The number of points of type (Fi, Ai)
is denoted by i . Finally we write B =
(
v
3
)
, R =
(
v−1
2
)
, L = v − 2, so that in this particular case with v = 10, we have
B = 120, R = 36, L = 8. From the results in [13] we ﬁnd that for any partition of the set D we have
7F + 12A = 120, (4)
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Table 1
The four 3-sets of pairwise disjoint copies of A, and their completions to LS(54), that is, the large set of afﬁne planes with group of order 54
Case 3A 4A
1 123 124 125 126 127 128 129
456 385 387 379 349 395 345
789 679 964 548 865 467 786
5 123 124 128 125 126 127 129
456 385 395 387 379 349 345
789 679 467 964 548 865 786
6 123 124 127 125 126 128 129
456 385 349 397 374 395 345
789 967 865 468 589 674 786
123 124 127 125 126 128 129
456 385 349 368 378 374 345
789 967 865 794 459 596 678
9 123 124 125 126 127 128 129
456 385 347 349 395 367 345
789 967 869 785 486 594 678
123 124 125 126 127 128 129
456 385 347 395 386 349 345
789 967 869 478 594 675 786
Table 2
12 pairwise disjoint copies of F completing mixed partition 1a, 5a, 5b, 5c, 6a, 6b, 6c, 9a, 9b, 9c
Case 27 36 95 12 35 64 13 29 78 14 39 67 15 34 98 19 28 56
1a 23 48 96 17 25 49 45 68 97 24 37 58 18 26 47 16 38 75
Case 13 68 79 46 57 98 18 26 49 16 35 47 29 34 76 14 28 37
5a 19 38 45 15 23 96 27 39 58 17 24 95 25 36 48 12 56 78
Case 14 29 36 15 27 39 18 26 45 12 48 79 24 35 98 16 28 37
5b 17 34 58 23 47 56 13 59 68 38 49 76 25 69 78 19 46 75
Case 16 38 75 19 36 48 14 27 39 25 49 86 15 26 97 13 24 56
5c 23 47 58 34 59 76 18 29 35 12 46 78 28 37 96 17 45 89
Case 14 38 56 17 28 45 26 49 78 15 24 69 27 35 46 19 36 47
6a 16 58 97 12 37 95 18 23 76 25 39 68 13 29 48 34 57 89
Case 37 48 65 17 26 45 15 23 49 29 46 58 16 27 98 19 36 75
6b 24 39 76 13 25 86 28 35 79 12 38 47 14 59 87 18 43 69
Case 15 23 69 27 36 98 13 45 76 16 24 38 26 49 75 39 48 65
6c 18 37 95 17 25 86 14 29 85 28 35 74 19 46 78 12 34 97
Case 14 25 39 15 26 47 12 34 87 29 45 68 18 36 94 17 48 95
9a 19 35 76 24 37 96 23 58 97 16 27 98 13 28 56 38 46 75
Case 14 25 39 26 49 85 29 34 76 17 24 56 18 23 47 19 45 78
9b 12 35 86 13 48 96 16 27 98 28 37 95 38 46 75 15 36 97
Case 14 25 39 18 26 97 37 48 65 28 49 75 29 35 76 16 47 95
9c 19 34 87 24 36 98 15 38 96 17 23 46 13 27 58 12 45 86
Partitions 1a and 5a have trivial automorphism groups. For the remaining partitions shown in this table, the automorphism groups are given in
Table 3.
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Table 3
Eight mixed partitions have non-trivial groups as shown
Case Group order Group generators
5b 3 (156)(237)(489)
5c 3 (156)(237)(489)
6a 3 (156)(237)(489)
6b 9 (129)(345)(678),(138)(246)(579)
6c 3 (147)(258)(369)
9a 9 (129) (345) (678), (137) (248) (569)
9b 9 (129) (345) (678), (137) (248) (569)
9c 9 (129) (345) (678), (136) (247) (589)
Table 4
The two 3-sets of pairwise disjoint copies of A, and their completions to LS(42), that is, the large set of afﬁne planes with group of order 42
Case 3A 4A
7 123 124 125 126 127 128 129
456 385 376 394 345 364 356
789 679 498 587 986 795 874
8 123 124 125 126 127 128 129
456 385 349 395 354 346 367
789 679 768 487 896 975 584
Table 5
12 pairwise disjoint copies of F completing mixed partitions 7a, 7b, 7c, 8a. All the mixed partitions listed in this table have trivial groups
Case 27 36 84 12 34 58 17 45 89 19 24 86 18 35 67 28 56 97
7a 16 25 39 13 29 78 15 26 47 23 49 57 14 37 69 38 46 59
Case 14 27 36 19 23 87 16 24 89 18 34 95 12 49 75 28 56 97
7b 29 35 46 39 48 76 25 38 47 17 45 86 15 37 69 13 26 58
Case 29 36 85 14 28 57 19 24 56 18 35 67 12 34 68 17 25 39
7c 46 59 78 15 38 49 26 37 54 23 48 97 13 47 69 16 27 98
Case 14 37 69 27 36 95 12 35 64 18 24 67 13 29 78 15 34 98
8a 16 38 75 19 28 56 17 25 49 23 47 58 45 68 97 26 39 84
Table 6
The three 3-sets of pairwise disjoint copies of A, which complete to no large set
Case 2 Case 3 Case 4
123 124 126 123 124 125 123 124 125
456 385 359 456 385 349 456 385 376
789 679 748 789 679 867 789 679 948
3Fi + 4Ai = 36 where 0FiF, 0AiA, (5)
∑
i
iFi = 7F,
∑
i
iAi = 9A,
∑
i
i = 10 where i0, (6)
and
Fi + Fj F + 8, Ai + Aj A + 8. (7)
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Table 7
12 pairwise disjoint copies of F completing mixed partitions 2a, 2b, 2c, 2d, 3a, 3b, 4a, 4b
Case 29 36 48 13 24 59 14 27 65 25 39 67 19 38 75 23 47 58
2a 16 28 37 15 26 98 18 35 64 17 34 69 45 68 97 12 49 78
Case 39 48 65 26 37 54 19 24 57 28 46 97 13 47 96 18 23 49
2b 17 34 85 15 67 89 16 29 35 14 25 68 12 36 78 27 38 95
Case 13 26 45 17 24 59 23 46 97 47 56 98 19 36 75 27 34 85
2c 16 37 84 28 35 96 15 38 49 14 29 68 18 25 67 12 39 78
Case 19 24 67 38 57 96 13 28 79 29 37 45 17 35 64 12 39 65
2d 15 26 78 27 36 84 25 49 86 14 23 85 16 34 89 18 47 95
Case 29 54 67 13 24 56 15 63 79 18 25 37 12 48 59 19 26 78
3a 28 35 96 16 34 89 39 47 85 14 57 86 27 38 64 17 23 49
Case 29 45 76 18 24 97 13 25 49 17 36 95 15 27 38 19 28 56
3b 23 69 78 26 35 48 16 34 89 39 47 85 14 57 86 12 64 37
Case 27 48 65 18 49 75 36 58 79 19 25 86 29 34 87 26 39 54
4a 12 47 69 15 24 38 17 23 59 16 28 37 14 35 67 13 46 98
Case 18 37 64 26 49 78 23 58 97 19 35 48 17 25 36 14 27 39
4b 24 38 65 34 59 76 12 45 69 16 57 98 15 28 47 13 29 68
All of the mixed partitions listed in this table have trivial groups.
This leads to two possible solutions: either F = 0, A = 10, 1 = 10, and all points are of type (0, 9) or F = 12, A = 3,
1 = 1, 2 = 9, one point is of type (12, 0) and the remaining nine points are of type (8, 3). The ﬁrst possibility leads to
an overlarge set, and these have already been classiﬁed into 77 isomorphism classes [15]. The second possibility leads
to mixed partitions; we begin our classiﬁcation with the nine isomorphism classes of the three pairwise disjoint copies
of AG(2, 3) which can be chosen from D. See Fig. 1 and [7] for the relationship between these 3-sets and the large sets
of AG(2, 3), and Tables 1, 5 and 7 for more details.
For each of the non-isomorphic sets of three disjoint afﬁne planes we list the remaining 4 × 12 = 48 triples on the
set X = {1, 2, . . . , 9}, and to this we adjoin the
(
9
2
)
= 36 triples through the point 0, obtaining a set T of 84 triples to
be partitioned into 12 Fano planes. On T we form a 1-intersection graph G1(T ) with edges formed by pairs of triples
having one element in common. InG1(T )we ﬁnd all cliques of size seven which are in one-to-one correspondence with
Fano planes in T . In the setY of 7-cliques we then enumerate all spreads of 12 Fano planes using an exhaustive search
algorithm from [14]. Using stabilizers of the three afﬁne planes, we determine orbit representatives of the inequivalent
spreads. The resulting non-isomorphic spreads of 12 Fano planes are listed in Tables 2, 5 and 7, with corresponding
triples of disjoint afﬁne planes given in Tables 1, 4 and 6, respectively. Whenever the afﬁne planes extend to a large
set, the remaining four planes are also listed (see Tables 3–7).
Since no afﬁne plane in the partition contains the element 0, we write the usual 3 × 3 array to denote each afﬁne
plane on {1, 2, . . . , 9}. Since every Fano plane in the partition contains the element 0, we write, for instance, 14 37 69
to denote the plane 014, 037, 069, 479, 346, 167, 139.
Using the numbering of the 3-sets of pairwise disjoint afﬁne planes shown in Fig. 1, we see that numbers 1 and 5
each complete uniquely to a large set of afﬁne planes, which has a group of order 54, and that numbers 6 and 9 each
complete in two ways to a large set of afﬁne planes, again with groups of order 54. These 3-sets and their completions
to large sets are shown in Table 1. Similarly numbers 7 and 8 each complete uniquely to a large set of afﬁne planes,
with group of order 42; see Table 4. Finally, numbers 2, 3 and 4 have no completion to a large set of afﬁne planes; these
3-sets are shown in Table 6.
4. A few more comments
We note that there are 77 non-isomorphic overlarge sets of afﬁne planes on 10 points, but that here, where all Fano
planes of the mixed partition must pass through the one point not contained in any afﬁne plane, there are only 22
non-isomorphic partitions possible. The constraint of passing through the same point is very tight.
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One possible generalization of mixed partitions of the full set of triples on a set of 6n + 2 elements is that which
contains 6n − 5 pairwise disjoint STS(6n + 1), chosen from the 6n − 1 triple systems of a large set, together with
n(6n + 1) Fano planes all incident with the extra element. Similarly, the full set of triples on a set of 6n + 4 elements
might be partitioned into 6n− 3 pairwise disjoint STS(6n+ 3), again chosen from the 6n+ 2 triple systems of a large
set, together with (2n + 1)(3n + 1) Fano planes all incident with the extra element.
Another generalization is to block size four. For example, a large set of 91 AG(2, 4) exists [14]. Take a subset of 28
such planes. The 560 quadruples through an extra point could form 140 PG(2, 3) covering 140×13=1820 quadruples.
Together with the 28 × 20 = 560 quadruples from the afﬁne planes, we could cover 1820 + 520 = 2380 =
(
17
4
)
quadruples, that is, all quadruples from a 17-element set. An overlarge set of AG(2, 4) can be constructed from a
special overlarge set of quadruple systems SQS(16), each of which is decomposable into seven AG(2, 4) as in [14].
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